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ON THE CONDITIONS OF FIXED-POINT THEOREMS CONCERNING
F -CONTRACTIONS
SA´NDOR KAJA´NTO´ AND ANDOR LUKA´CS
Abstract. We prove a fixed-point theorem that generalises and simplifies a number of results
in the theory of F -contractions. We show that all of the previously imposed conditions on the
operator can be either omitted or relaxed. Furthermore, our result is formulated in the more
general context of b-metric spaces and ϕ-contractions. We also point out that the framework
of F -contractions can be reformulated in an equivalent way that is both closer in spirit to
the classical syntax of Banach-type fixed point theorems, and also more natural and easier
to deal with in the proofs.
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1. Introduction
One of the most significant result of metric fixed-point theory is Banach’s fixed-point theorem.
Since this theorem has many relevant applications both in mathematics and in other sciences,
it gave rise to a century-long research in the theory of fixed-points that is also flourishing
nowadays. As a result, in the literature there are many generalizations of Banach’s theorem.
These generalizations usually follow two different approaches: on the one hand, the contractive
condition can be relaxed, on the other, the metric space itself can be generalised. Following
the first approach, in 2012 Wardowski in [11] proved a fixed-point theorem for a new type of
operators on a complete metric space that had a remarkable impact on metric fixed-point theory.
These new type of operators have been called by Wardowski F -contractions. They consist of
those operators T on a (complete) metric space that satisfy the contractive condition
Tx 6= Ty implies τ + F (d(Tx, T y)) ≤ F (d(x, y))
for some τ > 0 and some F : (0,∞) → R that satisfies (F1) F is strictly increasing; (F2)
F (αn)→ −∞ if and only if αn → 0; (F3) limx→0+ x
kF (x) = 0 for some k ∈ (0, 1).
The theory of F -contractions was recently developed further by many authors. An important
guideline in some of these developments was the investigation of the necessity of the conditions
(F1), (F2) and (F3). Secelean in [9] proved that (F3) can be dropped if we assume some
boundedness condition on the operator T . Furthermore, if F is continuous then (F3) can be
dropped without any extra assumption on T .
In [10] the authors introduced the notion of weak ψF -contractions (a generalization of F -
contractions using the idea of classical ϕ-contractions introduced by Browder in [3]). They
generalised the previously discussed results of Secelean, by replacing (F1) with a weaker boun-
dedness assumption on F (and still requiring the boundedness assumption on T ).
On a different note, in [5] the authors extended the original results of Wardowski to b-metric
spaces without using condition (F2).
In this paper we generalise and simplify both of the mentioned results in [10] and [5]. Our
main result uses only a relaxed version of (F2) in the framework of generalised ϕ-contractions
in b-metric spaces to conclude that our more general operators admit a unique fixed-point. The
simplification lies on the observation that the framework of F -contractions can be put in a more
1
2 SA´NDOR KAJA´NTO´ AND ANDOR LUKA´CS
natural context (closer in spirit to the original Banach fixed-point theorem and easier to deal
with in the proofs).
2. Preliminary definitions and results
In this section we enlist those basic structures and terms that will be used to present our
results. The first three definitions are classic, while the last two give a simplified version of
Wardowski’s F -contractions ([11]).
Definition 2.1 ([1, 4]). We say that (X, d) is a b-metric space with constant s ≥ 1 if d : X×X →
[0,∞) satisfies the following conditions for every x, y, z ∈ X :
(i) d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x);
(iii) d(x, y) ≤ s[d(x, z) + d(z, y)].
In general, the distance functional d is not continuous. The following well-known lemma will
help us to overcome this problem.
Lemma 2.2 ([6]). If (X, d) is a b-metric space with constant s ≥ 1, x∗, y∗ ∈ X and (xn)n∈N is
a convergent sequence in X with xn → x
∗ then
1
s
d(x∗, y∗) ≤ lim inf
n→∞
d(xn, y
∗) ≤ lim sup
n→∞
d(xn, y
∗) ≤ sd(x∗, y∗).
Proof. If we apply twice the relaxed triangle inequality, we get for every n ∈ N
1
s
d(x∗, y∗)− d(xn, x
∗) ≤ d(xn, y
∗) ≤ sd(x∗, y∗) + sd(xn, x
∗).
If we take lim inf on the left-hand side inequality and lim sup on the right-hand side inequality,
we obtain the desired property. 
Definition 2.3. Let (X, d) be a complete b-metric space with constant s ≥ 1 and T : X → X
an operator. We say that T is a Picard-operator if T has a unique fixed point x∗ and T nx→ x∗
for all x ∈ X .
The following definition is essentially that of comparison functions found in the literature
(see ex. [2, 3, 7, 8]).
Definition 2.4. Let Φ be the set of those functions ϕ : (0,∞)→ (0,∞) that satisfy the following
two conditions:
(i) ϕ is non-decreasing;
(ii) limn→∞ ϕ
n(t) = 0 for every t ∈ (0,∞), where ϕn means the n-fold composition of ϕ
with itself.
Definition 2.5. We define two sets of functions G : (0,∞)→ (0,∞) as follows.
(i) G ∈ G1 if and only if inf G > 0.
(ii) G ∈ G2 if and only if for every sequence (αn)n∈N ⊆ (0,∞) we have
lim
n→∞
G(αn) = 0 ⇐⇒ lim
n→∞
αn = 0;
Definition 2.6. Let (X, d) be a b-metric space with constant s ≥ 1, and G,ϕ : (0,∞)→ (0,∞)
be two functions. We define the set T(X,G,ϕ) to consist of those operators T : X → X that for
all x, y ∈ X satisfy the following property:
(G) d(Tx, T y) 6= 0 implies G(d(Tx, T y)) ≤ ϕ(G(d(x, y))).
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3. Main result and implications
Our main result is the following.
Theorem 3.1. Let (X, d) be a complete b-metric space with constant s ≥ 1. Suppose that there
exists a G ∈ G1 ∪G2 and ϕ ∈ Φ such that T ∈ T(X,G,ϕ). Then T is a Picard-operator.
We will prove this theorem in the next section. Before that we investigate its relations to the
existing results in the literature. In order to do this we state an equivalent version of Theorem
3.1 in terms of F -contractions.
Theorem 3.2. Let ψ : R → R be non-decreasing such that limn→∞ ψ
n(t) = −∞ for every
t ∈ (0,∞) and F : (0,∞)→ R be a function that satisfies one of the following two conditions:
(i) inf F > −∞;
(ii) for all (αn) ⊆ (0,∞) we have limn→∞ F (αn) = −∞ iff limn→∞ αn = 0;
Suppose that (X, d) is a complete b-metric space with constant s ≥ 1 and T : X → X an operator
such that for all x, y ∈ X
d(Tx, T y) 6= 0 implies F (d(Tx, T y)) ≤ ψ(F (d(x, y))).
Then T is a Picard-operator.
Indeed, one can see that Theorem 3.1 is equivalent to Theorem 3.2 by taking G = eF and
ϕ = exp ◦ψ ◦ ln.
Remark 3.3. Theorem 3.2 generalises Theorem 3.1 and Theorem 3.3 in [10] by not requiring the
boundedness conditions imposed on both F and T and by relaxing condition (F2).
Remark 3.4. By taking ψ(t) = t− τ , for some τ > 0 in Theorem 3.2, we obtain a generalization
of Theorem 2.1 in [11] by omitting conditions (F1) and (F3) on the function F and by relaxing
condition (F2).
The following Corollary deals with the special case when G is increasing.
Corollary 3.5. Let (X, d) be a complete b-metric space with constant s ≥ 1, G : (0,∞)→ (0,∞)
be strictly increasing, ϕ ∈ Φ and T ∈ T(X,G,ϕ). Then T is a Picard-operator.
Proof. If G is strictly increasing then for any sequence (αn) ⊆ (0,∞) we have
lim
n→∞
G(αn) = 0 implies lim
n→∞
αn = 0.
Indeed, let ε > 0. It follows that there exists nε ∈ N such that G(αn) < G(ε), for all n ≥ nε,
whence αn < ε, for all n ≥ nε, thus limn→∞ αn = 0.
Now if inf G = 0 then, since G is strictly increasing, we have
lim
n→∞
αn = 0 implies lim
n→∞
G(αn) = 0,
thus G ∈ G1 ∪G2. Therefore the proof follows from Theorem 3.1. 
Remark 3.6. If we reformulate Corollary 3.5 in terms of F = lnG and ψ(t) = ln(ϕ(et)) = t− τ
for some τ > 0, we obtain a generalization of Theorem 2.1 in [11] by omitting conditions (F2)
and (F3).
Remark 3.7. In the particular case when G is increasing and invertible and ϕ ∈ Φ then (G−1 ◦
ϕ ◦G) ∈ Φ. Furthermore, the contractive condition in Theorem 3.1 is equivalent to
d(Tx, T y) 6= 0 implies d(Tx, T y) ≤ (G−1 ◦ ϕ ◦G)(d(x, y))
for all x, y ∈ X . Thus Theorem 3.1 also generalises Theorem 1 in [4].
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4. Proof of Theorem 3.1
For the sake of readability we extracted the distinguishable parts of the proof into a number
of Lemmas.
Lemma 4.1. If ϕ ∈ Φ then ϕ(t) < t, for all t ∈ (0,∞).
Proof. Suppose that there exists t ∈ (0,∞) such that ϕ(t) ≥ t. Since ϕ is non-decreasing we
have
ϕn(t) ≥ ϕn−1(t) ≥ · · · ≥ ϕ(t) ≥ t,
for all n ∈ N. Taking the limit when n→∞ implies
0 = lim
n→∞
ϕn(t) ≥ t,
which is a contradiction. 
First we focus on the case when G ∈ G1. In that case Theorem 3.1 is equivalent to the
following Lemma.
Lemma 4.2. Let (X, d) be complete a b-metric space with constant s ≥ 1, G ∈ G1, ϕ ∈ Φ and
T ∈ T(X,G,ϕ). Then T is a Picard-operator.
Proof. First we show that if there exists a fixed point of T , then it is unique. Indeed, if x∗ and
y∗ ∈ X are such that x∗ = Tx∗ 6= Ty∗ = y∗, then
0 < G(d(x∗, y∗)) = G(d(Tx∗, T y∗)) ≤ ϕ(G(d(x∗, y∗))),
which by Lemma 4.1 is a contradiction.
Now suppose that there exists an x ∈ X such that T nx 6= T n+1x for all n ∈ N. Then
0 < G(d(T nx, T n+1x)) ≤ ϕn(G(d(x, Tx))),
for all n ∈ N. Hence
0 ≤ inf
n
G(d(T nx, T n+1x)) ≤ inf
n
ϕn(G(d(x, Tx))) = 0,
which contradicts inf G > 0. Consequently for every x ∈ X there exists n0 ∈ N such that
T n0+1x = T n0x, therefore T n0x is a fixed-point of T .

Now we deal with the case when G ∈ G2.
Lemma 4.3. Suppose that G ∈ G2. Then there exists ε0 > 0 such that for all ε ∈ (0, ε0) we
have
(i) supα<εG(α) ≤ 1;
(ii) infα≥εG(α) > 0.
Proof. Since limn→∞ αn = 0 implies limn→∞G(αn) = 0 for every sequence (αn)n∈N, there exists
an ε0 > 0 such that α < ε0 implies G(α) ≤ 1. Hence if ε ∈ (0, ε0) then
sup
α<ε
G(α) ≤ sup
α<ε0
G(α) ≤ 1.
Suppose that infα>εG(α) = 0. It follows that there exists a sequence (αn) ⊆ (ε,∞) such that
limn→∞G(αn) = 0. Since G ∈ G2, this implies limn→∞ αn = 0, which is a contradiction. 
Lemma 4.4. Let G ∈ G2, ϕ ∈ Φ, T ∈ T(X,G,ϕ) and construct ε0 according to Lemma 4.3.
Then for all ε ∈ (0, ε0) there exists nε ∈ N such that
d(x, y) < ε implies d(T nx, T ny) <
ε
2s
,
for all n ≥ nε.
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Proof. By Lemma 4.3 we know that supα<εG(α) ≤ 1. Let nε ∈ N be such that
inf
α> ε
2s
G(α) > ϕnε(1).
For any n ≥ nε either we have d(T
nx, T ny) = 0 or the following chain of inequalities holds:
G(d(T nx, T ny)) ≤ ϕn(G(d(x, y))) ≤ ϕnε
(
sup
α<ε
G(α)
)
< inf
α> ε
2s
G(α).
Hence in both cases we have d(T nx, T ny) < ε
2s
, which finishes the proof. 
Lemma 4.5. Let G ∈ G2, ϕ ∈ Φ and T ∈ T(X,G,ϕ). Then for all ε > 0 and n ∈ N
∗ there
exists mε such that
d(T nxmn, xmn) <
ε
2s
,
for all m ≥ mε.
Proof. Let n ∈ N∗. If there exists m0 ∈ N
∗ such that d(T nxm0n, xm0n) = 0 then for every
m ≥ m0 we have d(T
nxmn, xmn) = 0. Suppose that d(T
nxmn, xmn) 6= 0 for all m ∈ N
∗. Since
T ∈ T(X,G,ϕ), we have
0 < G(d(T nxmn, xmn)) ≤ ϕ
mn(G(d(T nx0, x0))),
for all m,n ∈ N∗. Let m→∞ to obtain limm→∞G(d(T
nxmn, xmn)) = 0, for all n ∈ N
∗. Thus
by G ∈ G2 we can conclude that limm→∞ d(T
nxmn, xmn) = 0, for all n ∈ N
∗. 
Lemma 4.6. Let G ∈ G2, T ∈ T(X,G) and construct ε0 according to Lemma 4.3. Then for
every ε ∈ (0, ε0) there exists n = nε,m = mε ∈ N
∗ such that
T n(B(xmn, ε)) ⊆ B(xmn, ε),
where B(xmn, ε) = {u ∈ X | d(u, xmn) < ε}.
Proof. By Lemma 4.4 there exists n = nε such that
d(x, y) < ε implies d(T nx, T ny) ≤
ε
2s
.
We can use Lemma 4.5 for this n to obtain an m = mε satisfying
d(T nxmn, xmn) <
ε
2s
.
Now let u ∈ B(xmn, ε). By the above,
d(T nu, xmn) ≤ s · d(T
nu, T nxmn) + s · d(T
nxmn, xmn) < s ·
ε
2s
+ s ·
ε
2s
= ε.

Lemma 4.7. Let (xk)k∈N be a sequence such that d(xk+1, xk) → 0. Then for all n ∈ N
∗ and
ε > 0 there exists m0 ∈ N such that
d(xmn, xmn+p) < ε,
for all m ≥ m0 and p ∈ {0, . . . , n− 1}.
Proof. Let n ∈ N∗ and ε > 0. Since d(xk+1, xk)→ 0, there exists k0 ∈ N such that
d(xk+1, xk) <
ε
nsn
,
for all k ≥ k0. Let m0 be such that m0n > k0. We have
d(xmn, xmn+p) ≤
p∑
i=0
si+1d(xmn+i, xmn+i+1) ≤
n−1∑
i=0
sn
ε
nsn
= ε,
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for all m > m0 and p ∈ {0, ..., n− 1}, concluding the proof. 
Proof of Theorem 3.1. The uniqueness of the fixed-point can be shown with the technique
used in the proof of Lemma 4.2.
In the following we prove that the sequence (xk)k∈N is Cauchy. Let ε > 0 be arbitrary.
We can suppose that ε < ε0 (where ε0 is defined as in Lemma 4.3) since in the other case
d(xk1 , xk2) < ε0 implies d(xk1 , xk2) < ε.
By Lemma 4.6 there exists n,m ∈ N∗ such that
T n(B(xmn, ε)) ⊆ B(xmn, ε).
Since d(xk+1, xk) → 0 we can construct an m0 as in Lemma 4.7. Now let m = max{m,m0}
and k1, k2 ∈ N such that k1, k2 ≥ mn. We can write k1 = m1n + p1, k2 = m2n + p2, where
p1, p2 ∈ {0, ..., n− 1} and m1,m2 ≥ m.
The construction of these indices implies
d(xk1 , xm1n) < ε and d(xm2n, xk2) < ε, by Lemma 4.7;
d(xm1n, xmn) < ε and d(xmn, xm2n) < ε, by Lemma 4.6.
Therefore we can use the triangle inequality to obtain
d(xk1 , xk2) ≤ sd(xk1 , xm1n) + s
2d(xm1n, xmn) + s
3d(xmn, xm2n) + s
3d(xm2n, xk2)
≤ sε+ s2ε+ s3ε+ s3ε ≤ 4s3ε.
Thus we proved that (xk)k∈N is a Cauchy sequence. Since (X, d) is complete, there exists an
x∗ ∈ X such that xk → x
∗. Then by Lemma 2.2
s−1d(x∗, T x∗) ≤ lim inf
k→∞
d(xk+1, T x
∗) ≤ lim sup
k→∞
d(xk+1, T x
∗)
= lim sup
k→∞
d(Txk, T x
∗) ≤ lim sup
k→∞
d(xk, x
∗) = 0,
hence Tx∗ = x∗.
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